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Abstract

This paper deals with an inverse problem concerning the identification of the heat exchange coeffi-
cient H (assumed to be dependent on the pressure) between a certain material and the external environ-
ment, when only experimental measurements of the temperature are supposed to be known. The main
difficulty is that the experimental data are affected by error. We set two scenarios for the inverse problem.
For each scenario, knowing the initial and ambient temperatures, we identify function H through different
methods and we obtain estimates for the error. Finally, we perform numerical tests.

Keywords: Function identification, Inverse Problems, Heat transfer.

1 Introduction

In this work, we focus our attention on an inverse problem concerning the identification of the heat
transfer coefficient H (assuming it depends on pressure) between a certain material with the external envi-
ronment. Some practical applications in which this coefficient appears can be seen in [@], [B], [B] and [O]).
The goal is to identify H to get a solution for the corresponding model, approximating some given temper-
ature measurements.

The physical problem modeled in the references mentioned above is the evolution of the temperature
in a homogeneous sample of a material placed in an equipment capable of compressing it (which will
increase its temperature) and, that is also warming up (respectively, cooling down) due to heat exchange
with an external environment that is warmer (respectively, cooler). To describe the temperature distribution
within the sample complex models based on partial differential equations are often used (see, e.g., [H]).
These equations involve functions and parameters that must be known before computing the solution. These
functions and parameters are usually determined either by experimentation based protocols ([B]) or by
solving inverse problems posed in an appropriate mathematical framework (see, e.g., [0], [A] and [B]).

In some contexts, and under certain conditions, it can be assumed that H has a known expression
(e.g., H is constant or a function with a few real parameters to identify). In these cases, the least squares
method may provide a good tool to solve inverse problems (see, e.g., [A]). However, when the goal is to
identify a function, the problem becomes more complicated, especially if the experimental data are given
with measurement errors, due to measurement equipment accuracy limitations. The challenge in this work
is to identify function H when continuity and positivity are the only information available about H.

For simplicity, let us consider an homogeneous sample and let us assume that the temperature gradient
inside it is negligible. The Newton Cooling Law and the relation describing the change in temperature due
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to the pressure variation, when isentropic changes of temperature are assumed (see []), provide a simple
mathematical model for this phenomenon through the following initial value problem (direct problem):

{ T'(t) = H(P(t))(T® — T(t)) + aP' ()T(), t € [to, t¢] "

T(to) = Tp.

Here T'(t) (K) is the temperature of the sample at time ¢; P(t) (Pa) is the pressure of the equipment at
time ¢; T° is the ambient temperature; Tj is the temperature at the initial time ¢p; o > 0 is a parameter
involving thermal expansion, density and specific heat capacity; and H is the pressure dependent heat
exchange coefficient. In order to solve problem (I), constants Ty, 7° € R, pressure P and function H :
[Priny Pmax] — R are needed ([Prin, Prmax] is a suitable range of pressure).

The values of Tj and 7 can be obtained by measuring devices (thermocouples), the coefficient o
is assumed to be known and the pressure is provided by the equipment. However, function H cannot be
obtained easily. We will design strategies to enable, from experimental measurements, the identification
of function H (inverse problem); by doing so, we will be able to approximate the solution of model ()
for other values of Ty, T and P (provided it is kept in the initial ranges of pressure [Puin, Pmax]) Without
requiring new measurements.

In order to define a suitable framework to carry out this identification, we suppose that:

e The ambient temperature 7°° is constant.

e The initial temperature 7} is higher than 7°°.

e P is a known, non-decreasing, continuous and piecewise C! function on the time interval [to, te].
e H is a positive and continuous function on the pressure range [Py, Pr] = [P(to), P(tt)]-

The temperature measurements are assumed to have been taken during an experiment in which the entire
range of pressures has been covered. In practice, a linear pressure can be used.

We note that H is not relevant when T is close to 7. We set a threshold y to separate it from T° (H (P)
is not identified when T is too close to 1°¢).

2 Scenarios of the inverse problem

Depending on the knowledge one has on the solution 7" in [to, t¢], we consider the inverse problem
immersed in various scenarios:

e The first one arises when a function 7 that represents the approximate value of the temperature at any
instant of time is assumed known.

e However, the usual situation is that only a discrete amount of values fk approximating the values of
T at the corresponding instants is known.

For these scenarios, we will develop a “stable” method to approximate 7" from the data and thereby
obtain a discrete number of approximate values of H for points of the interval [Py, P]. To this end, we must
ensure that the temperature values are sufficiently far from 7°¢, otherwise the coefficient H would have a
negligible influence in the equation, and its identification could not be performed. We set a “threshold” as
follows:

a) In the first scenario, assuming ‘ ’T -T ‘ ‘ < ¢, we consider the threshold x = m — T¢, where

m = min T(t).
te(to,te]

If u < §, we would need to perform an experiment starting from a higher value of the initial temperature
Ty, in order to obtain a higher approximate temperature.
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b) In the second scenario, we assume a set of measurements 7}, such that |7(7,) — Tj| < 8, with & > 0,
where {1y = to,71,72,...,7, = t;} is a sequence of instants, is avalaible. We will denote by T a
function that interpolates the values {7y, T7,...,T,} at points {7, 71,...,7,} and consider 6 > 0, a

bound of the norm of the difference between 7" and T in the interval [to, te], i.e., ’T -T H < 6. The

threshold p is defined from T as in the previous scenario.

3 Ad hoc experiment

This section presents a method which identifies function H on the assumption that we can perform an
experiment designed ad hoc as follows: we assume measurements of temperature in an even number of
instants {5 }}'_,, which form an equally spaced partition of [t(, t¢] with step h are known. We choose the
pressure applied by the equipment as a continuous function that increases linearly with the same slope in

the intervals [tax—1, t2x] and remains constant in the rest of the intervals [tog, tor11], & = 0,1,..., ”T’l
n=1
Thus P(tar) = P(t2x+1) and the values { P(t2x)}, >, form a partition of the range of pressures [Py, P].

Denoting by {fk}Z:o the temperature measurements, we can find the approximations
ﬁk >~ H(P(tgk))

through the following methodology: for each k € {O, 1,..., "T’l} we consider the interval [tog, togr1].
Here, since pressure is constant, the solution of problem () verifies

T'(t) = H(P(tog))(T¢ = T(t)), t € (tok, tok+1)-

Then,
T(t) = T + (To — T¢)e HEPC20))E—t2k) 4 o [0y o0 11],

where Tj, = T'(t,). In particular, for t = togy1,

H(P(tar)) = %m ( Top = 17 >

Top1 —T¢

This suggests to take as an approximation of the value of H at P(toy) the value

| Tow — T¢
Hy=-In|=2—"_|. )
h Topy1 —T°
Tp — Ty
Proposition 3.1 Denoting by o, = u,
T, —T¢
~ 1 14 o9k
H,. — H(P(t =—In|—— ).
k ( (Qk)) h n(1+02k+1) .

Remark If the temperature measurements are exact (and, consequently, all o vanish) then this method
provides the exact values of H. g

Remark Proposition Bl also shows that the error committed when approaching function H using this
method only depends on the values of 1 + oy, i.e., the relative errors of Ty, — 71¢ with respect to T}, — T°°.
As these errors are a feature of the equipment, there is the unusual fact that the error in the approximation
of function H by this methodology is independent of the function. g

4 Iterative algorithm

It may happen that the equipment does not allow an experiment as described previously. Thus, another
strategies are developed here, in order to identify coefficient H.
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4.1 Identifying from a function that approximates the temperature
In this context, an approximation T’ € C([to, t¢]) of T is assumed to be known. More precisely,
HT - TH <5 3)

for0 < 6 < u=m —T*. Since

T'(t) — aP' ()T(1)
Te —T(0)

we define function

and its approximation N N
Ru(T)(t) — aP'(t)T(¢)
Te —T(t)
where Ry, : C([to,t5]) = C([to, ty]) is the approximate differentiation operator given by

up(t) =

Dh(v)(t) + \I/h(v)<t0), te [to,to + h]
Ru(o)(t) = { v+ h>2*h”<f —h), LE [to + hts —H]
D_p(v)(t) + Wn(v)(ty —3h), tE€ [ty —hty],
with
Di(0)(t) = —3u(t) + do(t ;—hh) —u(t +2h)
and

Uy, (v)(t) = v(t +3h) — 3v(t + 222) +3v(t+ h) — U(t).

Remark This approximate derivation operator provides an error bound slightly worse than that provided
by the standard operator of order 2 (without W, (v)). However, with this definition, Ry (C([to,tf])) C

C([to,t5))- o

Proposition 4.1 Let T € C3([to, t¢]) and T € C([to, t¢]) verifying @) with 0 < § < . Then

= p]| < M3 g2 AS(M i +21) 1, a3 T
~ 6(p—0) plp—=20)  h o plp—0)

where Mz = ||T"|], M= HfH and Py, = ||P'||. @©

“

In (@) the step h appears (squared) multiplying one term and dividing another one. Hence, the optimal
estimate is obtained when choosing a value of h that balances both terms to get the minimum value. The
next result (its proof is straightforward by using Proposition E) indicates how to choose such a value of h
and its corresponding estimate:

Proposition 4.2 Under the assumptions in Proposition E1, the smallest value of the bound in (B) is reached

when taken as a time step
12(M — i+ 2 :
o ( mA+2p) o\ )
29,U,M3

For this optimal value of time step, we have the following error bound

0. o

(M —m+2u)?\° 53 0Pt
(= 6)3 p(p —9)

W—QM|S<WM&
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Let h* be as in (B). Let us denote by n the integer part of t*;,f“, tr = to + kh* and fk = f(tk) If we

approximate H(P},) by Hy = tp-(tx), i.e.,
H _ Ry, (T)(tk) — OLPl(tk)Tk
k — ~
Te — 1Ty,

) 6)

fork =0,1,...,n, Proposition E2 leads to:

Theorem 4.3 Under the assumptions in Proposition BTl one has

1
. 1 )
(M—m+2u)2> 3, oPyT

max H(Pk)—Hk‘ < (522M3 12(— 0)3 w(p—06) "

k=0,1,....,n

where ffk, k=0,1,...,n,are given in (B). o

Remark Theorem EX3 provides an estimate of the error committed when taking the optimum value h* as
the time step. The difficulty is that this value is unknown, since it depends on M3. Next, we introduce an
iterative algorithm in order to compute the values given in (H), from measurements of temperature, and
successive approximations of h*. g

4.2 Identifying from a finite number of approximated values of the temperature

We start from measurements of temperature {7}, . . . ,T“p} corresponding to {7y = %o, ..., 7, = t¢} and
we assume that the error is of order 5. We consider a function 7' that interpolates the previous values and
assume that the interpolation method used is such that the error § in 7" is of the order of the measurement
error 3, ie.,d = cs (increasing the number of measurements, if necessary).

Once function T is defined in this way, we are in the same situation as in the previous section; hence
it suffices to consider the threshold 1 = m — T, take the time step h as in (B), n as the integer part of
bote and Ty, = T'(ty), where tj, = to + kh for k = 0,1,...,n. Thus, the values Hy in (B) provide an
approximation of H as in Theorem EX.

Next, we describe an algorithm to approximate the values of H at points P, € [Py, P¢], for instants ¢,
in equally spaced partitions of [tg, t¢]. The time step of these partitions should be defined, in an iterative
way, in order to approximate h*.

The input data are: {fk H_,and 5 > 0. First of all, we construct a function T (t) interpolating {fk oo
Next, we estimate the error 6 > 0 due to the interpolation. Then, the admissible threshold y = m — T°°,
under the constraint ;2 > 4, is obtained.

The algorithm is based on an iterative process starting from an initial guess h for the optimal time step
h*. From this value, we consider the instants tx = to + kh,k = 0,1, ...,n, where n is the integer part of
%. Therefore, the values T}, = T'(¢x) are obtained. From these values, an approximation A3 of M3 is
computed as the maximum absolute value of quantities

*5Tk + 18fk+1 - 24Tk+2 + 14Tk+3 — 3Tk+4
, k=0,1
2h3
Tz =21 + 2Th1 —Th2 k=23, .n—2 ™
2h3
3Tk,4 — 14fk,3 + 24Tk,2 — 18fk71 + 5Tk
Ve , k=n-—1n.

These formulas are based, respectively, on standard order two progressive, central and backward approxi-
mate derivative schemes of a regular function.
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From Ag, the next value of the time step is computed (following (H)) as

- (12(Mﬁ1+2u) 5) | ®

29MA3

and so on. The process stops when two consecutive values of % are close. From the final value of h, the
corresponding instants ¢, interpolation 7" and the quotients

Rh(T) (tk) — O[Pl(tk)Tk

Hy, = n(ty,) = o
— 1k

; &)

are computed. These quantities approximate the values of H in the pressures P, = P(ty).

Algorithm

DATA
{Tx}2_,: Measurements of {T(74)}?_,.
§ > 0: bound of measurements errors.
€: stopping test precision.
h: guess value for h*.
Step 1: Determine T and § according to § so that w=m-—T°>4.
Step 2: While the relative error in h is greater than ¢:
a) Determine the new discrete instants {¢; } and compute {7} }.
b) Compute A3 as the maximum absolute value of ().
¢) Compute the new value of h as in (H).
Step 3: Obtain the final discrete instants {¢} and the values {T}, }.
Step 4: Compute the approximations H & according to (B).

5 Nondimensionalization of the problem

Before performing the numerical experiments with different sets of data illustrating the behavior of
the methods developed, it is convenient to nondimensionalize the problem. We want the model to involve
as few dimensionless parameters as possible. Here, it suffices to consider two parameters: the pressure
and a relationship between the initial and ambient temperature, as discussed below. We consider the new
dimensionless variables

. t—to
Ttr—to

T (") = TTf)%TT and P*(t*) = (P(t) - Po)a.

Problem (M) can be written in these new variables (see [B, pag. 57]) as

dT* *\ __ * * (g% * (4% dp* * EN#ES ea *
S (1) = (PP E)T () + S () (T )+ T°) , £ € (0,1) w0
T*(0) = 1,

where
H*(s) = (t; - to)H<Z + po)
Ty —Te

(note that H*(P*(t*)) = (tr — to)H(P(t))). We use this approach to identify coefficient H* and to find
the temperature distribution for several functions P* and several values of 7.

TGH.
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Remark The maximum value that the dimensionless temperature 7™ can reach is given by
«  Taa—T°
max TO — Te ’
where T4 is the maximum temperature that can be achieved under adiabatic conditions (i.e., when there is

no heat exchange with the external environment). To determine this value, it suffices to consider the initial
value problem

{ T'(t) = aP'()T(t), t € (to,tr)
T'(to) = To,

whose solution is
T(t) = Toet PO e [t t].

Since P is an increasing function,
Tog = Toea(Pf*PO) — TQBP 1)

which leads to T Te
T* _ ad — = (1 +T°° P*(1) _ Tea.
max TO _ Te ( + )e

Remark After identifying function H*, H can be obtained by

_ 1
ti—to

H(s) H (a(s— Ry)), s € [Py, P (11)

From T we can express temperature 7" as

t—to
te — 1o

T(t) =T°+ (TO — Te)T* ( ) ,te [t(],tf]. o

Remark If the order of magnitude of function H* is small compared to

dpP*

dt*
this term will be dominant. Hence any function H* of that order of magnitude would provide values of
temperature with few differences. To avoid this problem we can modify the original experiment so that the
new one results in a function H* of a higher order of magnitude. If pressure in the original experiment is
given by

() (T°(t) + T,

P(t) = a(t —to) + Po, t € [to, t],

a slower increase of pressure (for a longer time in order to cover the same range of pressures [Py, P%]) could
be considered. That is, we can take

tr — 1
Pl(t) = ac(t—to) + Py, t € |:f0,t0 + ! p O:| R
with 0 < ¢ < 1. If 77 is the temperature obtained with this pressure, the changes of variable
* C(t - tO) * (g% Tl(t) - T° * (g%
t = Tt T (1) = Ty —Te and Py (t]) = (Pi(t) - Po)a,
lead to o7 ) Ip*
1 1
1) = ——H*(Py(t7))T5(t7) + )Ty () +T°), t7 € (0,1
(1) =~ CH (PR () + G () (Y () + ) 4 € 0.1) )
77(0) = 1.
Since Ip 1P
1 * *
t]) = tr —tg) = —(¢

the equations of problems () and (A) are identical, except that the new function H* is amplified by the
factor £ > 1. g
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Remark The dimensionless problem is governed by a different equation than the original one, and this will
be taken into account in the methods we will use:

a) For the method based on the ad hoc experiment, it suffices to note that, in each interval where the
pressure is constant, the temperature satisfies the same equation but with 7¢ = 0. We therefore consider

the approximations
~ 1 T.
H, k= 7 In = 2k
h Top41

b) Concerning the iterative algorithm, we can say that the optimal step expression (H) and the quantities (1)
that are used for the calculation of A3 remain the same (replacing, of course, the roles of 7" and T™),
while the approximation (H) of Hj, becomes

instead of (D).

. apP*
R - @ + 1)
H]C = - T . a
k

6 Numerical results

In this section we perform a comparative study of the results obtained when using the methods consid-
ered in this paper for the identification of function H. While working on the nondimensional problem, the
value of T°* and the range of pressures are linked to a real situation. We use the P2 treatment data from [B],
ie., Ty = 313°K, T° = 295°K and o = 4.5045 x 10~° MPa~!. The choice of the pressure curve is
specified for each method and in both cases the range is from atmospheric pressure up to 360 MPa. Thus,
the maximum value of dimensionless pressure is a = 0.0162 in both cases.

Given a function H, the nondimensional function H* corresponding to the ad hoc experiment is, ac-
cordingly with (I, twice the function H* corresponding to the iterative algorithm (the first method needs
a time interval twice as long as the second).

In what follows, we omit the superscript *. The data for numerical tests have been obtained as follows:
with a given function H, we solve the direct nondimensional problem (I), obtaining the temperature 7.
Then T is evaluated on an equally spaced partition of instants of time. We assume that in both experiments,
the measurements have been carried out with the same time step, so that we will work in the first method
with twice as many as values in the second (in particular, we take 200 in the ad hoc experiment and 100
in the iterative algorithm). The error measurements 7} are built by perturbing 7}, by means of random
oscillations of order 1% of T},. More precisely,

~ r(tk)
= 1
T, Tk( + 5 >,

where r(t) = sin(grt) and ¢ is a random integer between 1 and 99. Function 7 is taken as the piecewise
linear interpolation of values 7T}.

To allow an easy comparison, the same seven perturbations of temperature values have been generated,
corresponding to the values ¢ = 3, 14, 27, 42, 65, 84 and 97. Among them we selected the two which
produces the smallest and the largest error in infinity norm in H, respectively.

After identifying an approximation of function H, we compute temperature 7" solving problem (I[d)
and we compare it with the known solution of the direct problem. Also, different values for dimensionless
parameters of the problem (the pressure curve and 7°?) are prescribed and the corresponding solutions are
calculated. In order to analyze the quality of the identification, these solutions are compared to the exact
temperature.

The different values of the parameters are generated by multiplying the original value of T° by the
factorsd =2,d= landd = % and choosing as pressure curves the functions

P(t) = asint, P(t) = a(e**"? —e™?) and P(t) = %t(?) —t).
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In all the figures and tables “Error” denotes the maximum norm error in /1 and “% Error” denotes the
percentage relative error in maximum norm of 7, i.e.,

m]?x |Tk — Tk|

100.
max | T} %
k
6.1 First method: ad hoc experiment
For this method, the value for the first parameter of the nondimensional problem is 7°* = %, while

the slope of the pressure (where it is not constant) is 0.0324 (= 2a); what causes the pressure to take all
values in the pressure range [0, a] when time lies in [0, 1]. We consider the function

H(s) =4exp (f) .
a
Figure [ shows the identified function H (and corresponding computed temperature) for the smallest and
largest error in H.

Error=0.1257 Temperature. % Error=0.7380
. T T 1
—T for exact H
- - T for identified H
0.8
0.6
0.4
2 —Exact H 0.2
- - Identified H
0 : . : 0 : : : :
0 0.005 0.01 0.015 0 0.2 04 06 0.8 1
Pressure Time
Error=3.6775 Temperature. % Error=1.4198
1
14 ExactH il —T for exact H
xact : -~ T for identified H
12} |- - Identified H 0.8
10
0.6
8
6 0.4
4t
! 0.2
2t
Fivg | |
0 : . : 0
0 0.005 0.01 0.015 0 0.2 04 06 0.8 1
Pressure Time

Figure 1: Ad hoc algorithm (Top: smallest error in 1. Bottom: largest error in /)
Table [ shows the percentage relative error in temperature (in maximum norm) for each of the nine data
sets considered, both for the smallest and largest error in H.

The error in this method (we remind that it provides exact values when there is no measurement error)
increases with the frequency of the oscillatory perturbation: the error in H grows with the value of ¢, being
smaller for ¢ = 3 (the smoother perturbation) and larger for ¢ = 97 (more oscillatory perturbation).

6.2 Second method: iterative algorithm

Now, the value T°* = % is the same as before, but the pressure increase changes (since now there is
no constant steps); in fact, P(¢) = 0.0162t.
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Table 1: Ad hoc experiment. Temperature error (%). Smallest (above) and largest (below) error in identi-
fied H.

Pressure Factor over parameter 7°¢
d=2|d=1 d=0.5

sinusoidal 0.48 0.48 0.47
exponential | 0.87 0.86 0.85
quadratic 0.36 0.36 0.36
sinusoidal 1.37 1.36 3.84
exponential | 5.11 5.10 5.09
quadratic 1.06 1.97 2.45

As already has been mentioned, H must be a half of the chosen in the previous method, i.e.,
H(s) =2exp (f) .
a
Figure O shows the identified function H (and corresponding computed temperature) for the smallest
and largest error in H.

h=0.14884 error=0.0325 it=1000 Temperature. % Error=0.1581
1
—T for exact H
5 . ) -
0.8 T for identified| |
4
0.61
3
0.41
2
1 —Exact H 0.2f
- - Identified H
0 0
0 0.005 0.01 0 0.2 04 06 0.8 1
Pressure Time
h=0.03128 error=0.9380 it=5 Temperature. % Error=1.4872
1 . : : .
6 \ —T for exact H
-- T for identified H
0.8
0.6
0.4
! —Exact H 0.2
1 - - Identified H
0 0
0 0.005 0.01 0.015 0 0.2 0.4 0.6 0.8 1
Pressure Time

Figure 2: Iterative algorithm (Top: smallest error in H. Bottom: largest error in H)
Table O shows the percentage relative error in temperature (in maximum norm) for each of the nine data
sets considered, both for the smallest and largest error in f1.

This algorithm uses interpolation of approximate values of 7" at instants that are not from the original
partition. Therefore, their behavior is not directly linked to frequency of oscillatory perturbations.

In conclusion, although the size of the error in H is moderate for both methods, temperatures calculated
from approximate identifications are quite accurate (the error is always of the order of the measurement
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Table 2: Iterative algorithm. Temperature error (%). Smallest (above) and largest (below) error in identi-
fied H.

Pressure Factor over parameter 7°¢
d=2|d=1 d=0.5

sinusoidal 0.17 0.16 0.15
exponential | 0.17 0.17 0.17
quadratic 0.14 0.13 0.13
sinusoidal 1.49 1.49 1.49
exponential | 4.46 4.44 4.44
quadratic 094 | 094 0.94

error). The first method usually provides a better approximation of the temperature when solving for the
initial parameters. However, when the identified temperature for the nine data sets is considered, the second
method is generally more accurate in the case of largest error in H and therefore it can be considered more
robust.

Acknowledgements: This work has been supported by the spanish Ministry of Education and Science under
projects No. MTM2008-06208 and Ingenio Mathematica (i-MATH) No. CSD2006-00032 (Consolider —
Ingenio 2010); by Banco de Santander and Universidad Complutense de Madrid through the project No.
910480; and by Comunidad de Madrid through the project S2009/PPQ-1551.

References

[1] A. Fraguela, J. Oliveros, L. Cervantes, M. Morin and S. Gémez: Un algoritmo no iterativo para la
tomografia de capacitancia eléctrica. Revista Mexicana de Fisica, 51-N3, 2005, 236-242.

[2] A. Fraguela, J. Oliveros, M. Morin and L. Cervantes: Inverse Electroencephalography for cortical
sources. Appl. Numer. Math., V55-12, 2004, 191-203.

[3] S. Gémez, M. Ono, C. Gamio and A. Fraguela: Reconstruction of Capacitance Tomography Images
of Simulated Two—Phase Flow Regimes. Appl. Numer. Math., 46, 2003, 197-208.

[4] B. Guignon, A. M. Ramos, J. A. Infante, J. M. Diaz and P.D. Sanz: Determining thermal parameters
in the cooling of a small-scale high pressure freezing vessel. Int. J. Refrig., 29, 2006, 1152-1159.

[5]1 J. A. Infante: Andlisis numérico de modelos matemadticos y problemas inversos en tec-
nologia de alimentos. Ph. D. Thesis, Universidad Complutense de Madrid, Nov. 2009
(http://www.mat.ucm.es/momat/Tesis_JA_infante.pdf).

[6] J. A. Infante, B. Ivorra, A. M. Ramos and J. M. Rey: On the Modelling and Simulation of High
Pressure Processes and Inactivation of Enzymes in Food Engineering. Math. Mod. Meth. Appl. S.
(M3AS), 19, No. 12, 2009, 2203-2229.

[7] L. Otero, A. M. Ramos, C. de Elvira and P. D. Sanz: A Model to Design High-Pressure Processes
Towards an Uniform Temperature Distribution. J. Food Eng., 78, 2007, 1463—1370.



10.

11.

12.

13.

14.

15.

PREPUBLICACIONES DEL DEPARTAMENTO
DE MATEMATICA APLICADA
UNIVERSIDAD COMPLUTENSE DE MADRID
MA-UCM 2009

DESIGN OF CODE DIVISION MULTIPLE ACCESS FILTERS USING GLOBAL
OPTIMIZATION TECHNIQUES, B. Ivorra, B. Mohammadi, and A. M.Ramos

DYNAMICS IN DUMBBELL DOMAINS II. THE LIMITING PROBLEM, J.M. Arrieta, A.
N. Carvalho and G. Lozada-Cruz

DYNAMICS IN DUMBBELL DOMAINS III. CONTINUITY OF ATTRACTORS , J. M.
Arrieta, A. N. Carvalho and G. Lozada-Cruz

GEOMETRIC VERSUS SPECTRAL CONVERGENCE FOR THE NEUMANN
LAPLACIAN UNDER EXTERIOR PERTURBATIONS OF THE DOMAIN , J. M. Arrieta
and D. Krejcirik

ON THE MODELLING AND SIMULATION OF HIGH PRESSURE PROCESSES AND
INACTIVATION OF ENZYMES IN FOOD ENGINEERING, J.A. Infante, B. Ivorra, A.M.
Ramos and J.M. Rey

CHARACTERIZATION OF THE MARTIAN SURFACE LAYER, G.Martinez, F. Valero, L.
Vazquez.

CHARACTERIZATION OF THE MARTIAN CONVECTIVE BOUNDARY LAYER,
G.Martinez, F. Valero, L. Vazquez.

INFINITE RESONANT SOLUTIONS AND TURNING POINTS IN A PROBLEM WITH
UNBOUNDED BIFURCATION, J.M. Arrieta, R.Pardo, A.Rodriguez—Bernal

CASCADES OF HOPF BIFURCATIONS FROM BOUNDARY DELAY, J.M. Arrieta, N.
Cénsul, S. Oliva

QUENCHING PHENOMENA FOR A NON-LOCAL DIFFUSION EQUATION WITH A
SINGULAR ABSORPTION, R. Ferreira

WELL-POSEDNESS OF THE EINSTEIN-EULER SYSTEM IN ASYMPTOTICALLY
FLAT SPACETIMES: THE CONSTRAINT EQUATIONS, U. Brauer and L. Karp

WELL-POSEDNESS OF THE EINSTEIN-EULER SYSTEM IN ASYMPTOTICALLY
FLAT SPACETIMES: THE EVOLUTION EQUATIONS, U. Brauer and L. Karp

EXTREMAL EQUILIBRIA FOR MONOTONE SEMIGROUPS IN ORDERED SPACES
WITH APPLICATIONS TO EVOLUTIONARY EQUATIONS, J. W. Cholewa and A.
Rodriguez-Bernal

ASYMPTOTIC BEHAVIOUR OF A PARABOLIC PROBLEM  WITH TERMS
CONCENTRATED IN THE BOUNDARY, A. Jiménez-Casas and A. Rodriguez-Bernal

ASYMPTOTIC BEHAVIOR OF REACTION DIFFUSION EQUATIONS IN WEIGHTED
SOBOLEV SPACES, J.M. Arrieta, N. Moya and A. Rodriguez-Bernal



10.

PREPUBLICACIONES DEL DEPARTAMENTO
DE MATEMATICA APLICADA
UNIVERSIDAD COMPLUTENSE DE MADRID
MA-UCM 2010

CONTINUITY OF DYNAMICAL STRUCTURES FOR NON-AUTONOMOUS
EVOLUTION EQUATIONS UNDER SINGULAR PERTURBATIONS, J. Arrieta, A. N.
Carvalho, J. Langa and A. Rodriguez-Bernal.

ON THE LONG TIME BEHAVIOUR OF NON-AUTONOMOUS LOTKA-VOLTERRA
MODELS WITH DIFFUSION VIA THE SUB-SUPER TRA JECTORY METHOD, J.A. Langa,
A. Rodriguez-Bernal and A. Suéarez.

MODELLING AND SIMULATION OF A POLLUTED WATER PUMPING PROCESS, C.
Alavani, R. Glowinski, S. Gomez, B.Ivorra, P. Joshi and A. M. Ramos.

EXPANDING THE ASYMPTOTIC EXPLOSIVE BOUNDARY BEHAVIOR OF LARGE
SOLUTIONS TO A SEMILINEAR ELLIPTIC EQUATION, S. Alarcon, G. Diaz, R. Letelier
and J. M. Rey.

A SINGULAR PERTURBATION IN A LINEAR PARABOLIC EQUATION WITH TERMS
CONCENTRATING ON THE BOUNDARY, A. Rodriguez-Bernal.

ISOTHERMALISATION FOR A NON-LOCAL HEAT EQUATION, E. Chasseigne and R.
Ferreira.

HOMOGENIZATION IN A THIN DOMAIN WITH AN OSCILLATORY BOUNDARY,
J. M. Arrieta and M. C. Pereira

VERY RAPIDLY VARYING BOUNDARIES IN EQUATIONS WITH NONLINEAR
BOUNDARY CONDITIONS. THE CASE OF A NON UNIFORMLY LIPSCHITZ
DEFORMATION, J.M. Arrieta and S. Bruschi

PERTURBATION OF ANALYTIC SEMIGROUPS IN SCALES OF BANACH SPACES AND
APPLICATIONS TO PARABOLIC EQUATIONS WITH LOW REGULARITY DATA,
A. Rodriguez-Bernal

IDENTIFICATION OF A PRESSURE DEPENDENT HEAT TRANSFER COEFFICIENT, A.
Fraguela, J. A. Infante, A. M. Ramos and J. M. Rey.



